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The theorem presented in this paper provides a sufficient condition for the 
divisibility of the class number of an imaginary quadratic field by an odd prime. 
Two corollaries to this theorem are also included. They represent special cases 
of the theorem which in general use are somewhat easier to apply. 
The theorem presented in this paper providing a sufficient condition for 
the divisibility of the class number of an imaginary quadratic field by an odd 
prime, was included in my Ph.D. thesis [l]. Two corollaries to the theorem 
are also included here. They represent special cases of the theorem which in 
general use are somewhat easier to apply. Here [m] denotes the ideal in 
Q(Na) generated by the element m, and (r/p) is the Legendre symbol. 
LEMMA. If [a] = [b]% then 2l is a principal ideal. 
Proof: [a] = [b]% implies the existence of an element c in the ring of 
integers such that a = bc. The first equation may then be rewritten as 
[b][c] = [b]% forcing [c] = 2I. 
THEOREM. Let q be an odd prime and let A = -(4q1 - r2), where A is a 
negative, odd, square free number with (q, r) = 1, and 1 an odd prime. If one 
of the prime divisors of [q] is not principal, then 1 divides the class number of 
Q(A”2). 
Proof. Since (A/q) = (9/q) = 1, the ideal [q] may be written as 
kl = 9192, (1) 
where 9, and 2!* are conjugate prime ideals. 
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9,z is a principal ideal since 
4q’=P-(r2-4q4q? =12-A, 
[q’] = [(r + A’/3/2][(r - A9/2] = .S1~.!??,Z. 
If an ideal, ‘?I, divides both [(r, + &/7/2] and [(r - D/3/2], it follows that 
both 
r = r + m2 r - A’/2 
2 + 2 
and 
A = ( r +2A1/2 _ r -2A1/2 1’ 
are elements of 5X. By hypothesis (q, r) = 1, this causes (A, r) = 1 and thus 1 
is an element of 9I. The ideals 9, and 9, were prime nontrivial factors of [q] 
and hence neither one can divide both [(r + A’/“)/21 and [(r - A9)p]. This 
means 9,z must be either [(r + A1/3/2]” or [(r - A’/3/2]1. 
Let S?f be the least power of 2, which is a principal ideal. Both 1 and h must 
be divisible byS; andfis assumed not equal to 1, thenfmust equal 1 the only 
other divisor of I and the conclusion follows. 
COROLLARY. With the same conditions on the numbers A, q, r, and I, i 
4 1 q I # t2 - As2 
I divides h. 
Proof. If [q] = 1,.9S and 3, were principal, say 
9 
1 
= t + s m2 . 
[ 1 2 ’ 
its conjugate ideal, 3, , would also be principal and be equal to [(t - sA1/3/2]. 
The ideal [q] = .2,9, then becomes [(t* - As3141 forcing 4 1 q 1 to equal 
t2 - As2 contradicting the hypothesis. By the previous theorem f divides the 
class number of Q(A1/3. 
The following result may be considered as a corollary to the previous 
corollary. 
COROLLARY. With the same conditions on the numbers q and I, if0 > A = 
1 - 4qz is square free then I divides the class number of Q(Alp). 
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Proof. If 4 / q 1 should equal t2 - As2 for some integers s and t, 
4 I q I = t2 - (1 - 4q’) s2, 
i.e., 
4 1 q I > 4qzs2 - 9, 
4 I ,q I + 9 > 4qQ2, 
which is impossible. ‘Hence the result follows. 
In their work [2] Gross and Rohrlick were able to prove that with r 
restricted to 1, the conditions that A be square free and q be a prime can be 
eliminated. They nee,d only that q be an integer. 
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